is an open access repository that collects the work of Arts et Métiers ParisTech researchers and makes it freely available over the web where possible. Original constitutive modeling is proposed for filled rubber materials in order to capture the anisotropic softened behavior induced by general non-proportional pre-loading histories. The hyperelastic framework is grounded on a thorough analysis of cyclic experimental data. The strain energy density is based on a directional approach. The model leans on the strain amplification factor concept applied over material directions according to the Mullins softening evolution. In order to provide a model versatile that applies for a wide range of materials, the proposed framework does not require to postulate the mathematical forms of the elementary directional strain energy density and of the Mullins softening evolution rule. A computational procedure is defined to build both functions incrementally from experimental data obtained during cyclic uniaxial tensile tests. Successful comparisons between the model and the experiments demonstrate the model abilities. Moreover, the model is shown to accurately predict the non-proportional uniaxial stress-stretch responses for uniaxially and biaxially pre-stretched samples. Finally, the model is efficiently tested on several materials and proves to provide a quantitative estimate of the anisotropy induced by the Mullins softening for a wide range of filled rubbers.
Filled rubbers undergo substantial stress softening and possible residual stretch when first loaded. This phenomenon, first reported by Bouasse and Carrière (1903) , was studied intensely by Mullins (1947 Mullins ( , 1949 Mullins ( , 1950 Mullins ( , 1969 and is now commonly referred to as the Mullins softening. By performing successive non-proportional loadings (i.e. successive loadings with changing the directions of stretching or the type of loading), Mullins (1947 Mullins ( , 1949 was first to point out softening induced anisotropy. However, subsequent experimental studies mainly focused on proportional loadings and the induced anisotropy was not investigated further for several decades. Only recently, several studies (Laraba-Abbes et al., 2003; Hanson et al., 2005; Diani et al., 2006; Itskov et al., 2006; Dargazany and Itskov, 2009; Machado, 2011; Merckel et al., 2012) brought to light Mullins softening induced anisotropy by application of successive non-proportional loadings.
In terms of modeling, one may find a significant number of models in the literature designed to reproduce the behavior of Mullins softened rubber-like materials. However, most of these models are developed for idealized isotropic softening and very few aim at capturing the softening induced anisotropy. A first representation for anisotropic hyperelastic behavior was proposed by Weiss et al. (1979) , based on strain invariants which limits its applicability to simple anisotropies (transverse isotropy or orthotropy) and excludes its extension to the Mullins softening. An alternative approach based on directional behavior laws was proposed by Pawelski (2001) , Göktepe and Miehe (2005) and Diani et al. (2006) . The directional laws were shown to capture the Mullins softening induced anisotropy without major difficulties by considering that damage evolves independently along each material direction. Nonetheless, in the existing directional laws, the residual stretch is constrained by the Mullins softening induced anisotropy, and this is not in complete agreement with the experimental observations. Actually, the residual stretch is very dependent of the material viscoelasticity as shown by the substantial and rapid recovery after unloading (Mullins, 1949; Diani et al., 2006) , whereas the Mullins softening is commonly considered as irreversible at room temperature. Additional experimental observations detailed in the following section support a decoupling of the residual stretch with the Mullins softening. Therefore, both should be accounted for independently.
The pre-cited directional models are based on a physical interpretation of the Mullins softening. They generally depend on physically motivated elementary strain energy densities and the Mullins softening is accounted for by altering the strain energy density parameters. In order to accurately fit original experimental data, the elementary strain energy density and the Mullins softening evolution rule may require substantial modifications according to the material behavior. Moreover, the strain energy density and the evolution rule must be guessed a priori, and no general procedure has been proposed to do so.
In this study, our main motivation is to propose a general framework versatile for the modeling of hyperelastic rubber-like material behavior with a realistic account of the anisotropic induced Mullins softening. For this purpose, a directional approach is considered with an anisotropic criterion for the Mullins softening activation. At first, according to experimental evidences, Mullins softening and residual stretch evolutions are decoupled. Then, in order to propose a model with the largest flexibility, the account for the Mullins softening is chosen to avoid assumptions on the elementary strain energy density or the softening evolution rule. This is made possible by using the strain amplification concept proposed by Mullins and Tobin (1957) . Finally, an identification procedure is proposed to assess both the elementary strain energy density and the Mullins softening evolution rule without postulating their mathematical forms.
The paper is organized as follows. In the next section, the experimental setup and experimental results are presented. The constitutive equations and the identification procedure are detailed in Section 3, and results are shown and discussed in Section 4. Finally, concluding remarks close the paper.
Experiments

Experimental setup
In this study, we used carbon-black filled styrene butadiene rubbers (SBR) prepared by Michelin. Materials varied according to their filler amounts from 30 to 60 phr. Details of the rubber compositions are listed in Table 1 . All materials were manufactured into 2.5 mm-thick sheet shape.
In-plane isotropy was verified by testing in uniaxial tension, samples punched in various directions. However, due to the manufacturing process consisting in rubber mixing within a two-roll mill and in pressure molding, full isotropy is unlikely and we will discuss this aspect in Section 2.4. The material labeled A (Table 1) is used as a reference material to illustrate experimental grounds of the model and to validate the model and the identification procedure. Materials B1 to B4 will be used to assess the general aspect of the model and to test its interest for comparing the mechanical behavior of various materials.
Mechanical tests were conducted on two devices. Uniaxial loadings were performed on an Instron 5882 testing machine. Biaxial loadings were applied by an in-lab built planar biaxial testing machine controlled by four perpendicular electromechanical actuators. All tests were run at a constant crosshead speed chosen in order to reach an average strain rate close to 10 À2 s À1 in the maximum stretched direction. In order to genuinely characterize the Mullins softening, virgin material samples of 30 mm long and 4 mm wide normalized dumbbell shape were submitted to cyclic uniaxial tension tests with increasing maximum stretch at each cycle. Then, in order to study the Mullins induced softening, some samples were uniaxially or biaxially pre-stretched. Uniaxial pre-loadings were applied on large dumbbell specimens 25 mm wide and 60 mm long, while biaxial pre-loadings were conducted on cross shape samples. Small dumbbell samples 4 mm wide and 10 mm long were punched in the pre-stretched samples and submitted to cyclic uniaxial tensions with increasing maximum stretch.
During loadings, local stretches were measured by video extensometry using four paint marks on the free faces characterizing the in-plane principal stretches. In the case of uniaxial tension tests, all three principal stretches may be measured using two cameras, each one facing one of the sample free faces. In what follows, the states of stretch are characterized by the principal stretches which coincide with the eigenvalues F ii of the deformation gradient F. The direction of larger stretching will be referenced as direction 1, directions 2 and 3 are perpendicular to direction 1 and direction 3 lies along the sample thickness. For uniaxial loadings, k may conveniently denote the principal stretch in the tension direction. The Cauchy stress r 11 ¼ F=S is used for uniaxial tension responses, with F the force and S the current sample cross-section. Let us note that incompressibility was generally assumed when computing the Cauchy stress. This assumption will be discussed in the next section. 
Material incompressibility
In order to reach the uniaxial Cauchy stress, the current sample cross-section S has to be measured while stretching the sample. The relation between the current section S and the initial section S 0 is given by S ¼ F 22 F 33 S 0 . In order to lighten the experimental setup, incompressibility (leading to S ¼ k À1 S 0 ) is conventionally assumed. Nevertheless, substantial volume changes have been reported within stretched non-crystallizing filled rubbers (see references within Le Cam, 2010) . Therefore, volume changes upon stretching was investigated in material A by recording the three principal stretches. Fig. 1a shows the volume changes occurring during a monotonic loading and during a cyclic loading with an increasing maximum stretch of Dk ¼ 1 at each cycle. One observes that the material volume does not increase significantly as long as the material stretching remains below k % 3:5. The existence of such a stretching threshold has already been reported by Shinomura and Takahashi (1970) and Zhang et al. (2012) . Fig. 1 also shows that under monotonic tension volume expands with the stretching while under cyclic loading conditions, no significant volume changes occur as long as the stretching remains below the maximum stretch previously applied. Similar observations have been obtained by dilatometry measurements by Mullins and Tobin (1958) . Therefore, while assuming incompressibility seems unrealistic upon the first stretch, it shows to be a fair assumption for subsequent stretchings below the maximum stretch ever applied (Fig. 1b) . Since this study focuses on Mullins softened behavior, the unloading Cauchy stress-strain response may be computed using the incompressibility assumption. The model will be proposed within an incompressible framework.
Mullins softening and residual stretch
When a filled rubber is submitted to cyclic loading conditions, one may notice along with the softening, a residual stretch that increases with the applied maximum stretch. Both features are usually pointed out as consequences of the Mullins effect. However, some experimental evidences show otherwise. The softening occurring upon first stretch is an irreversible damage phenomenon at room temperature (Mullins, 1947) . To the contrary, the residual stretch is very dependent of viscoelasticity and shows an important and rapid recovery at room temperature (Mullins, 1949; Diani et al., 2006) . Other experimental observations prove that although residual stretch and material softening usually occur simultaneously, their evolutions are not necessarily correlated. Various loading histories with identical maximum stretch may result in substantial residual stretch changes while the Mullins softening remains unaffected. An example is presented in Fig. 2 . A k ¼ 2:5 uniaxialy pre-stretched sample is submitted to uniaxial a cyclic loading with an increasing maximum stretch of Dk ¼ 0:25 at each cycle after a 72 h stress free recovery. Fig. 2a shows the loading responses resulting from the cyclic loading. One may notice that the stress-stretch responses evolve at each cycle from the very first cycle. However, while representing the loading stress-stretch responses applying a residual stretch correction, according to k cor ¼ k=k res , one notices that the loading responses superimpose well until the maximum previous stretch (k ¼ 2:5) is reached (Fig. 2b ). Then material behavior changes due to the Mullins softening occurrence are observed for subsequent cycles. This demonstrates that in Fig. 2a , the mechanical behavior of the material does not evolve for cycles below k ¼ 2:5, except for the residual stretches, evidencing a significant residual stretch evolution and a constant Mullins softening.
Other experimental evidences support the uncorrelation of the residual stretch and of the Mullins softening. First, the Mullins softening and the residual stretch seem both quite dependent to the material composition but with different sensitivities (Mullins, 1949; Dorfmann and Ogden, 2004; Merckel et al., 2011) . Second, some materials may evidence some large Mullins softening with very little residual stretch. For instance, a silicone filled rubber studied by Machado (2011) displays significant Mullins softening without noticeable residual stretch.
Anisotropy characterization
When submitting a sample to a uniaxial tension according to direction 1, its free faces are submitted to the boundary conditions r 22 ¼ r 33 ¼ 0, and when the measured stretches satisfy to F 22 ¼ F 33 , the material shows transverse (a) (b) isotropy properties. Therefore in order to illustrate the material anisotropy, the ratio F 22 =F 33 resulting from a cyclic proportional uniaxial tension test (loading shown in Fig. 1 ) is plotted with respect to the stretch k in Fig. 3a .
The ratio F 22 =F 33 appears different from 1, highlighting the material initial anisotropy resulting from the manufacturing process. The material appears stiffer along the plate thickness direction than in any in-plane direction (keep in mind that the in-plane isotropy has been verified). More interestingly, the F 22 =F 33 evolution seems to follow the same path for every cycle, evidencing the same anisotropy throughout the test. The anisotropy characterization method is now applied to a small uniaxial dumbbell sample punched in a k ¼ 2:5 equi-biaxially pre-stretched specimen. Results are shown in Fig. 3b . The F 22 =F 33 evolution follows the same path as long as the sample is stretched below the maximum stretch previously applied (k ¼ 2:5). Then the anisotropy evolves at each cycle and the ratio F 22 =F 33 slowly evolves toward a similar path than the path displayed by the virgin material in Fig. 3a . The introduced material anisotropy characterization will provide an additional element to validate the relevance of the modeling.
Equilibrium response
In the current paper, the material viscoelasticity is not considered and our focus is set on the equilibrium responses only. Once the Mullins softening has been evacuated, the loading and the unloading responses are fairly close and both responses may be used to characterize the material softened behavior (Fig. 4a) . In order to remain consistent with previous modeling works proposed by the authors (Diani et al., 2006) , the unloading responses are favored, and the material mechanical behavior evolution due to the Mullins softening is illustrated by the stress-stretch responses in Fig. 4b .
The next section presents the theoretical and the computational aspects of the modeling.
Modeling
Hyperelastic framework
Experimental observations reported in Section 2.3 support a decoupling of the residual stretch from the Mullins softening. Therefore, we use a kinematic approach decomposing the total deformation gradient F into an elastic part F e and an inelastic part F p ,
The inelastic deformation gradient tensor F p changes the initial reference configuration into a stress-free intermediate configuration accounting for the residual deformation, while the elastic deformation gradient tensor F e changes the stress-free configuration into the current configuration and therefore accounts for the elastic deformation. It is assumed that F p does not evolve during the unloading responses shown in Fig. 4b . In order to describe the material deformation, the right Cauchy-Green tensor C ¼ F t F and the left Cauchy-Green and the second Piola-Kirchhoff stress tensor in the stressfree configuration derives from the second law of thermodynamics,
Elastomeric materials can be represented as threedimensional networks of very long flexible macromolecules randomly oriented in all directions of space. In directional approaches, the strain energy density W e is evaluated from the summation of elementary strain energy contributions w over all considered directions. An idealized representation introduced by Treloar and Riding (1979) In such a directional representation, anisotropy may be accounted for by considering uneven elementary strain energy contributions w, according to the direction u. As previously noticed by Diani et al. (2004 Diani et al. ( , 2006 and Göktepe and Miehe (2005) , such an account for anisotropy may lead to uncontrolled residual stresses in the free-strain state. Therefore, in order to circumvent undesired residual stresses, and to satisfy to a stress-free undeformed state, the constitutive equation, Eq. (3), is modified into (Diani et al., 2004) ,
The elastic extension along each direction u; K e , is obtained from the right elastic Cauchy-Green tensor as,
Let us note that @K e =@C e ¼ ðu uÞ=2K e , hence the elastic energy density partial derivative comes as
The Cauchy stress tensor r is obtained by pushing forward the Piola-Kirchhoff stress tensor S from the relaxed configuration to the current configuration via F e . Substituting Eq. (7) in Eq. (5) and assuming material incompressibility yield to the following expression for the Cauchy stress tensor,
where p is an arbitrary hydrostatic pressure introduced to account for incompressibility and gðuÞ a directional scalar that writes,
with f the elementary force-extension relation in the direction u defined as
While the full-network model initially proposed by Treloar and Riding (1979) uses a specific inverse Langevin function based form for f, the above formulation is not restricted and can be applied to any directional force-extension f ðK e Þ. Therefore, we do not assume any specific mathematical form for f since the latter will unfold upon experimental data fit.
The full-network framework is not efficient for numerical implementations due to the numerical integrations and in order to circumvent the time-consuming computational integration task, discrete integrations are usually preferred. For this purpose, a finite number of directions is considered. For instance, Göktepe and Miehe (2005) and Diani et al. (2006) used sets of 42 and 32 directions respectively, based on Bazȃnt and Oh (1986) numerical integrations. We followed this path but many other methods may be found in the literature. In the next section, account for the Mullins softening is introduced.
Mullins softening
Recently, Merckel et al. (2012) conducted an extensive experimental study on the Mullins softening. It was shown that the latter evolves when at least one material direction is stretched above its maximum stretch. Therefore, the criterion proposed by Diani et al. (2006) for anisotropic Mullins softening has been validated by Merckel et al. (2012) experimental work. It writes as,
with K being the total extension along direction u
and K max the maximum of K over the loading history
with t the current time. It is noteworthy that the criterion Eq. (11) is based on the total extension and not only on its elastic component. This particular aspect of the criterion is supported by the fact that a softened material may recover some of its residual stretch without recovering any of its Mullins softening as shown in Section 2.3. Once the criterion defined, the damage variable which provides the softening in the stress-strain responses remains to be introduced. The strain amplification concept, early introduced by Mullins and Tobin (1957) , and based on experimental evidences reproduced by Klüppel and Schramm (2000) and Merckel et al. (2011) for instance, supports the idea that the stress-strain responses of softened filled rubbers evolve due to the amplification of the strain undergone by softened materials compared to virgin materials at similar stress. This may be written as,
when the logarithmic strain is chosen. The strain amplification factor X satisfies to XðuÞ P 1 along each direction u. The stretches K virgin e
and K e characterize the directional stretch in the virgin material and the directional amplified stretch respectively. The strain amplification factor concept is introduced within the hyperelastic framework proposed in Section 3.1 by substituting K e as a function of X and K virgin e (Eq. (14)), in g (Eq. (9)). Such a concept was already used in a similar fashion by Qi and Boyce (2004) .
At this point, the model is fully defined. The residual stretches are captured by F p in the decomposition Eq. (1). The Cauchy stress response, for a general full-network directional framework, is given by Eq. (8). The Mullins criterion is a directional criterion, defined by Eq. (11), providing possible induced anisotropy. Finally, the Mullins softening is accounted for by substituting Eq. (14) in g (Eq. (9)), the enhanced directional stretches K e depending on the directional amplification factors XðuÞ. In order to describe and predict the material softening depending on the loading history, two material functions remain to be determined: X and f. Therefore the next section draws attention to the identification procedure.
Identification of the elementary force-extension function f and the Mullins softening rule X
The elementary force-extension function and the Mullins softening evolution rule are built incrementally in order to obtain a good fit of the experimental unloading responses from a cyclic uniaxial tension test with increasing maximum stretch at every cycle as shown in Fig. 4 . Since for every mechanical test, the material stress-stretch response depends on both f and X, an original method is defined guaranteeing simultaneous identification of both functions.
The main difficulty stands in the uneven evolution of the softening according to the spatial directions. Actually, the maximum directional extension K max ðuÞ depends on the direction considered ranging from 1 to k max (the maximum stretch in the uniaxial stretching direction). Fig. 5 illustrates K max directional evolution for uniaxial tension tests.
When unloading the sample, the Mullins softening and the residual stretch evolutions are both stabilized. The inelastic part F p (see Eq. (1)) coincides with the residual stretch k res and the elastic part k e may be extracted from the measured stretch k meas using,
The material anisotropy evolves upon stretching only. Therefore, when the incompressible material is assumed as initially isotropic, the relation F 22 ¼ F 33 ¼ k À0:5 is obtained for uniaxial stretching in direction 1. Constitutive equations Eq. (8), simplify into: Fig. 5 . Directional evolution of Kmax during a cyclic uniaxial loading, projected in the sample plane (u1; u2). The initial state is emphasized by dashed line.
with gðuÞ depending on K e ðuÞ; XðuÞ and f (Eqs. (14) and (9)). On one hand X increases with the increase of the maximum stretch submitted and remains constant during unloadings. On the other hand, f is independent of the softening, and remains the same for any cycle. The identification strategy is based on a resolution of the implicit Eq. (16). From a given experimental couple (r 11 ; k e ) and knowing the Mullins softening governing parameter spatial density K max ðuÞ illustrated in Fig. 5 , local values X and f may be computed numerically. Therefore, discrete definitions for f and X may be built by putting into practice the procedure synopsized in Fig. 6 .
The identification procedure starts from the first (and smallest) cycle. Initial conditions Xð1Þ ¼ 1 and f ð1Þ ¼ 0 are naturally chosen, then X and f are progressively extended. In the first cycle (i ¼ 1), the identification process is initialized according to the procedure reported in Table  2 in order to compute X for K max 2 ½1; k ði¼1Þ max and f for k e 2 ½1; k ði¼1Þ e max . It is worth noting that a small cycle is advised for the initialization.
Once X and f have been initialized, they are extended by fitting each unloading response as illustrated in Fig. 6 . At cycle (i), the beginning of functions X and f have previously been determined, and the next identification action is performed in two steps. At first, the force-extension f is known for values of K virgin e corresponding to macroscopic stretches ranging in 1 < k e < k Tables 3 and 4 respectively. When both X and f have been determined for cycles up to (i), the identification strategy is iterated for cycle (i þ 1). Let us note that intermediate values for f and X are given by a linear interpolation. During the identification procedure described above, evolutions of X and f are defined by experimental data only. However, it was noticed that the following restriction, f ðK virgin e 6 1Þ ¼ 0
was favorable for a good comparison between the model and the experimental data in terms of induced anisotropy.
While proof of such a restriction will be discussed in the next section, it may be noticed that this restriction may be interpreted as if directions in compression do not sustain stress but only stretched directions do. Anyhow, accounting for Eq. (17) within the proposed framework does not lead to any adjustment in the constitutive equations or the identification procedure previously presented.
The proposed identification procedure was tested on material A. A first cycle is performed up to k ði¼1Þ max ¼ 1:1, then for each cycle, the maximum stretch was increased with a The interest of such a loading stands in smaller first few cycles before the difference between two successive cycles becomes significant. Therefore, the loading is well suited for the identification, with a short cycle for initialization (Table 2 ) and stretch intervals increasing at each cycle for the computation of f (Table 4) . Model fit of the experimental unloading responses used for identification is shown in Fig. 7 . Experimental responses appear to be successfully represented. Fig. 8a shows the elementary force-extension relation, f ðK virgin e Þ, resulting from the identification procedure. One may notice that f presents the classic features of a filled rubber behavior, with a low stiffness and a quasi-linear response at small stretch, then a sharp upturn followed by an asymptotic vertical at larger stretch when the material limit extensibility is reached.
The Mullins softening rule, XðK max Þ, is shown in Fig. 8b . Considering the maximal stretch undergone by the material before failure, the dependence of X to the maximum extension is well approximated by,
with a a material parameter characterizing the softening evolution rate. For material A, one gets a ¼ 8:8. The logarithmic evolution of X with respect to the maximum extension is consistent with previous results aiming at characterizing the Mullins softening (Merckel et al., 2011) . Furthermore, softening evolution rules defined in order to converge toward a saturation limit are used in other models, for instance Miehe and Keck (2000) , Klüppel and Schramm (2000) and Qi and Boyce (2004) among others.
Results and discussion
Prediction of non-proportional loading resulting behavior
This section aims at illustrating the model predictive capabilities. For this purpose, the force-extension relation, f ðK virgin e Þ, and the Mullins softening law, XðK max Þ, previously identified for the material A are used to represent the responses of material A when submitted to cyclic uniaxial tension post non-proportional pre-stretchings.
Samples submitted to cyclic uniaxial tension tests are now small dumbbell samples punched in larger samples already submitted to a uniaxial or biaxial pre-loading. Between both the pre-loading and the loading experiments, an important residual stretch recovery induced by the material viscoelasticity occurs. The material viscoelasticity is not accounted for here and the experimental data are corrected according to Eq. (15) and the modeling condition
First, the experimental procedure is applied for k ¼ 2:5-uniaxial stretch pre-loading, and small dumbbell samples are cut at 45°and 90°from the pre-loading stretching direction. The cyclic uniaxial tension is performed with maximum stretches increasing of Dk ¼ 0:25 at each cycle. According to criterion Eq. (11), the Mullins softening is activated in some directions from the very first cycle, and it evolves differently according to the directions. Comparison between the experimental unloading responses and the model predictions are shown in Fig. 9 . One may notice that the experimental unloading curves are well approximated for small and large cycles and this without using any adjusting parameter or further identification but by using the material functions f and X identified earlier on a virgin sample only (Section 3.3) . Therefore, the model is Relationship between (r 11 ; ke) and (X; f ) using able to capture the material anisotropy induced by the Mullins softening resulting from a uniaxial pre-loading. Let us note that such a Mullins softening observed at the very first cycles in Fig. 9a and b, could not be represented with an isotropic Mullins criterion, which would have predicted Mullins reactivation at k ¼ 2:5 only. Second, the same experimental procedure is applied to samples submitted to biaxial pre-loads. Two pre-loading conditions were chosen, F 11 ¼ F 22 ¼ 2:5 equi-biaxial pre-stretching and F 11 ¼ 2:5 and F 22 ¼ 1:75 biaxial prestretching. The small dumbbell samples were cut in the direction of maximum stretching (direction 1). According to criterion Eq. (11), the Mullins softening should not activate until k ¼ 2:5 was reached. Experimental responses and model estimates are compared in Fig. 10 . Apart from the viscoelasticity exhibited by actual samples at the very beginning of the unloadings that cannot be reproduced, the model predictions appear to be accurate below and above the Mullins activation for both pre-loading conditions. The softening induced by a biaxial loading appears to be also well captured by the model. Results shown in Fig. 10 yield to important consequences in terms of material behavior modeling and identification. The mechanical tests performed in order to obtain the experimental data involved a multiaxial loading path, but the Mullins softening evolution rule XðK max Þ was chosen as dependent of the maximal directional extension only. The prediction abilities shown by the model proves that X does not require complex account of the loading multiaxiality and its complete identification may be performed on a mere cyclic uniaxial tension test.
The following section aims at studying the actual material anisotropy evolution and its model prediction. The anisotropy is then characterized by measuring and comparing the stretches according to the principal stretching directions.
Estimate of the induced anisotropy
The ratio F 22 =F 33 evolution was introduced Section 2.4 to characterize the anisotropy changes during cyclic uniaxial tests. Fig. 11a shows the ratio F 22 =F 33 model prediction for a cyclic uniaxial loading performed on a 2.5-equi-biaxially pre-stretched material. As long as k ¼ 2:5 is not reached, the Mullins softening does not evolve and F 22 =F 33 path remains identical. Once the Mullins softening is re-activated, changes occurs and at each cycle, the path slowly converges on a proportional uniaxial loading path (i.e. F 22 =F 33 ¼ 1). This modeling result is to be compared with experimental observations presented Fig. 3b . Note that the discrepancies between Figs. 3a and 11 are due to the model initial isotropy assumption, which does not match the actual material initial anisotropy. Nonetheless, the trend of the material anisotropy evolution is well captured by the model. In the modeling section, the condition Eq. (17) was introduced for the elementary force-extension. When releasing this condition, the fitting procedure drives to a function f reaching negative values for k < 1. The resulting ratio F 22 =F 33 computed with the function f obtained without applying condition Eq. (17) is shown in Fig. 11b . During the equi-biaxial pre-loading, the material is softened in direction 2 while remaining virgin in direction 3. Since the material stiffness is higher in direction 3, boundary conditions r 22 ¼ r 33 ¼ 0 should yield to F 22 =F 33 > 1. This is obviously not the case in Fig. 11b . Moreover, one may notice in Fig. 11b that the anisotropy intensity increases with k max while it is expected to decrease. The result is obviously unrealistic and validate the condition Eq. (17), which supports the physical picture of directions in compression not sustaining the stresses.
Other model interest: Study of the effect of filler amount
Hitherto, only the reference material labeled A in Table  1 was used to develop the mechanical behavior model and the identification procedure. This section aims at applying the model on various materials in order to validate the identification procedure and to investigate the effect of the filler amount. Materials B1, B2, B3 and B4 described in Table 1 were submitted to cyclic uniaxial loadings with a maximum stretch increasing at each cycle of D logðkÞ ¼ 0:1 step and up to failure. The evolution rules f and X were computed for each material performing the identification procedure detailed in Section 3.3. The model responses and experimental data are favorably compared in Fig. 12 . Therefore, the model and the identification procedure was successfully extended to several materials, exhibiting distinct mechanical behaviors and distinct sensitivities to the Mullins softening.
In order to investigate dependencies to the filler amount, evolution rules f and X are compared in Fig. 13 . Fig. 13a shows the filler amount effect on the identified elementary force-extension relations. Every material exhibits a quasi-linear virgin response followed by a plateau ended by a sharp upturn. The main dependences of f to the filler amount are the initial stiffness increase and the upturn stretch decrease with the filler amount. These observations are consistent with former results from the literature. Actually, the reinforcing effect of filler volume fraction on the initial stiffness is well known (Einstein, 1906; Guth and Gold, 1938) .
The effect of the amount of fillers on X is illustrated Fig. 13b . As expected, the Mullins softening rate increases with the amount of fillers, see for instance Mullins and Tobin (1957) , Bergström and Boyce (1999) , Klüppel and Schramm (2000) , Dorfmann and Ogden (2004) and Merckel et al. (2011) among others. One may notice that for every material the evolution of X is quasi-linear with respect to the logarithm of the maximum directional stretch K max . The same property was observed and shown in Fig. 8b for material A, therefore the Mullins softening evolution rule introduced in Eq. (18) may well be general.
Conclusion
This contribution aimed at proposing a constitutive model for the mechanical behavior of filled rubbers with Mullins softening. The constitutive equations were grounded on an thorough analysis of original experimental data. Basic uniaxial tensile tests and unconventional nonproportional tensile tests including uniaxial and biaxial loading paths were used to produce the necessary experimental data. The model was based on a directional approach in order to capture the anisotropy induced by general non-proportional pre-loading histories. The Mullins softening was accounted for by the strain amplification concept and was activated by a directional criterion. The framework was developed in order to avoid any a priori assumption of the mathematical forms of the elementary strain energy density and of the Mullins softening evolution rule. An original identification procedure was proposed in order to build both functions from a cyclic tensile stress-stretch response. An accurate fit of the experimental data provided by a cyclic proportional uniaxial tensile test illustrated the model ability to capture the material stress-softening. Once identified on a proportional cyclic test, the model was shown to successfully and accurately predict uniaxial stress-stretch responses for nonproportional uniaxially or biaxially pre-stretched samples. Finally, the model and the identification procedure were applied on various filled rubber materials evidencing different mechanical behaviors and sensitivities to the Mullins softening. The results showed favorable comparisons and illustrated the model flexibility to apply to a wide range of rubber-like materials.
